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Exact homogeneous master equation
for open quantum systems incorporating initial correlations
Pei-Yun Yang1 and Wei-Min Zhang1, ∗
1Department of Physics and Center for Quantum Information Science,
National Cheng Kung University, Tainan 70101, Taiwan
We show that the exact master equation incorporating initial correlations for open quantum sys-
tems, within the Nakajima-Zwanzig operator-projection method, is a homegenous master equation
for the reduced density matrix. We also using the quantum Langevin equation to derive explic-
itly the exact master equation incorporating initial correlations for a large class of bosonic and
fermionic open quantum systems described by the Fano-Anderson Hamiltonian, and the resulting
master equation is homogenous. We find that the effects of the initial correlations can be fully
embedded into the fluctuation dynamics through the exact homogenous master equation. Also a
generalized nonequilibrium fluctuation-dissipation theorem incorporating various initial correlations
is obtained.
PACS numbers: 03.65.Yz, 05.70.Ln, 05.40.Ca, 05.30.-d
Realistic systems in nature have inevitable interac-
tions with its surrounding environments. When such in-
teractions are not negligible, the systems must be treated
as an open system [1]. Many physical, chemical and bio-
logical systems, and all kinds of quantum devices devel-
oped in recent years for nano and quantum technologies,
should be considered as open quantum systems. In con-
trast to an isolated quantum system, whose dynamics
is governed by the Schro¨dinger equation, the dynamical
evolution of an open quantum system can be described
by the master equation [2, 3]. Formally, the exact master
equation for arbitrary open system is obtainable through
the operator-projection method which was initially pro-
posed by Nakajima [4] and Zwanzig [5]. When there
are initial correlations between the system and its envi-
ronment, it was claimed [2] that, the Nakajima-Zwanzig
(NZ) equation becomes inhomogeneous. However, if a
maser equation for open systems is inhomogeneous, it
may violate the trace-preserving property of the density
matrix and thereby induce unphysical states to the open
system dynamics. In this work, we prove that the ex-
act master equation is always homogeneous for any open
quantum system incorporating arbitrary initial correla-
tions.
In fact, nonequilibrium dynamics of open systems in-
corporating initial correlations is a long-standing prob-
lem in mesoscopic physics and also in the foundation of
statistical mechanics [6, 7]. In the past two decades,
investigation of quantum nonequilibrium dynamics has
mainly been focused on steady-state phenomena [8, 9],
where initial correlations are usually considered to be
not essential due to the memory loss and therefore are
often ignored. Recent experimental developments allow
one to measure transient quantum dynamics of open sys-
tems, in particular, for nano-scale quantum devices and
various atomic and molecular structure-based biological
systems [10–14]. In the transient nonequilibrium regime,
initial correlations could provide important information
on the formation and evolution of a large number of dif-
ferent physical objects. In this work, we will also derive
explicitly the exact homogeneous master equation for a
large class of open systems incorporating initial correla-
tions.
1. NZ master equation is homogenous. The NZ equa-
tion was originally proposed to describe the dynamics
of a subspace of interest, projected out from the whole
Hilbert space E of a large system [4, 5]. It begins with a
decomposition of the Hilbert space into a relevant part
plus an irrelevant part,
ρtot(t) = Pρtot(t) +Qρtot(t), (1)
where P and Q are the two projection operators that
satisfy the projection operator properties: P + Q = I,
P2 = P , Q2 = Q, and PQ = QP = 0. From the
quantum Liouvillian equation of the system, d
dt
ρtot(t) =
−i[Htot, ρtot(t)] ≡ L(t)ρtot(t), one can formally derive
the following NZ equation for the relevant subspace of
the system,
d
dt
Pρtot(t) = PL(t)Pρtot(t) + PL(t)G(t, t0)Qρtot(t0)
+
∫ t
t0
dτPL(t)G(t, τ)QL(τ)Pρtot(τ), (2)
where G(t, τ) is an evolution operator given by
G(t, τ) = T exp
{∫ t
τ
dsQL(s)
}
, (3)
and T is the time-ordering operator. In Ref. [2], it is
claimed that the second term in Eq. (2), which is ob-
tained from the initial system-environment correlations,
is an inhomogeneous term to the master equation of
open systems. Only when there is no initial system-
environment correlation, the second term vanishes, and
the corresponding master equation becomes a homoge-
neous master equation [2]. We will first show that this
claim is incorrect.
To be explicit, let us focus on the large system consist-
ing of a subsystem of interest (refereed to the principal
system [1], i.e. the open system hereafter) coupling to
the rest as its environment, then by specifying the pro-
jection operator,
Pρtot ≡ TrE [ρtot]⊗ TrS [ρtot] = ρS ⊗ ρE , (4)
2one projects the entire Hilbert space of the system into
the subspace written apparently as direct products of
the density matrices of the open system with its environ-
ment. Notice that TrE and TrS are traces over separately
the environmental states and the system states. Thus,
ρS = TrE [ρtot] and ρE = TrS [ρtot] are the corresponding
reduced density matrices describing respectively quan-
tum states of the open system and the environment that
mutually carry the entanglement information between
the system and the environment. The left part of the
Hilbert space is Qρtot = ρtot − ρS ⊗ ρE . By taking a
trace over all the environmental states on the both sides
of Eq. (2), the NZ equation is reduced to the master
equation describing the time evolution of the reduced
density matrix ρS(t) for the open system.
Now, we can show that the second term in Eq. (2) is
not an inhomogeneous term to the master equation for
the reduced density matrix ρS(t). Note that the second
term in Eq. (2), PL(t)G(t, t0)Qρtot(t0) must be a den-
sity matrix belonging to the same subspace of Pρtot(t)
due to the project operator P . Then the trace over the
environment states on the second term in Eq. (2) gives a
reduced density matrix ρ′S(t) which could be (and usu-
ally is) different from ρS(t):
TrE [PL(t)G(t, t0)Qρtot(t0)] ≡ ρ
′
S(t) 6= ρS(t). (5)
However, ρ′S(t) and ρS(t) are two different reduced den-
sity matrices of the open system, it is always possible to
connect ρ′S(t) with ρS(t) by superoperators, i.e.
ρ′S(t) −→
∑
ij
χij(t)AjρS(t)Bi, (6)
where χij(t) is in general a time-dependent coefficient
that depends on the initial system-environment correla-
tions, and Ai, Bj are operators of the open system. More
specifically, these superoperators can be written with the
following symmetric and trace-preserving form:
ρ′S(t) −→
∑
ij
χij(t)
[
AjρS(t)Bi + BiρS(t)Aj
−AjBiρS(t)− ρS(t)BiAj
]
, (6′)
Consequently, it shows that the second term in Eq. (2)
can always be reduced to an homogeneous term to the
master equation.
In fact, the second and the third terms in the NZ equa-
tion (2) have the same operator structure. This can be
seen explicitly by writing L(τ)Pρtot(τ) ≡ ρ
′′
tot(τ), as an-
other state of the total system. Then the integration
function of the non-local time integral in the third term
of Eq. (2) can be rewritten as
PL(t)G(t, τ)QL(τ)Pρtot(τ)=PL(t)G(t, τ)Qρ
′′
tot(τ),
(7)
which shows the same operator structure as the sec-
ond term, PL(t)G(t, t0)Qρtot(t0) in Eq. (2). Thus, af-
ter taken the trace over all the environment states, the
second term in the NZ equation (2) must produce a ho-
mogenous term to the master equation as does the third
term. In other words, initial correlations cannot produce
an inhomogeneous term to the master equation for open
systems. The claim in Ref. [2] that initial correlations
result in an inhomogenous master equation cannot be
correct.
2. Derivation of the exact homogenous master equa-
tion for the Fano-Anderson model. On the other hand,
using cumulant expansions [15] rather than the NZ
operator-projection methods, it was formally shown that
the reduced density matrix ρS(t) obeys an exact ho-
mogeneous evolution equation when the initial system-
environment correlations are considered [16]. Recently,
explicit exact homogeneous master equations are derived
for the pure dephasing model of a two-level system [17],
for the nano-cavity system in photonic crystals [18], and
for the nano-structured electronic systems in mesoscopic
physics [19], where initial correlations between the sys-
tem and its reservoirs are taken into account. Here
we shall derive further an exact homogeneous master
equation incorporating initial system-environment cor-
relations for a large class of open systems investigated
widely in condensed mater physics and atomic physics.
These open systems we concerned here are described
by the Fano-Anderson Hamiltonian,
HFA(t) =HS(t) +HE(t) +HSE(t)
=
∑
ij
εij(t)a
†
iaj +
∑
αk
ǫαk(t)b
†
αkbαk
+
∑
αik
(
Viαk(t)a
†
i bαk+V
∗
iαk(t)b
†
αkai
)
, (8)
as it was originally introduced by Anderson [20] and
Fano [21] independently for investigating impurity elec-
trons in solid-state physics and discrete states embed-
ded in a continuum in atomic physics, respectively. In
Eq. (8), we let all the energy levels and couplings be
time-dependent because these parameters can be ma-
nipulated experimentally through the new development
of nanotechnologies in the investigation of nonequilib-
rium dynamics. In the past two decades, the Fano-
Anderson Hamiltonian has often been used as a start-
ing point to investigate various nonequilibrium trans-
port phenomena and decoherence dynamics in semicon-
ductor nanoelectronics and spintronics [6, 9, 23]. The
Fano-Anderson Hamiltonian was also referred as the Lee-
Friedrichs Hamiltonian [24, 25] in atomic and molecular
physics, nuclear physics and scalar field theory with the
physcial relevance of Fano resonances, Dicke effect and
superradiance, etc.
Let us consider the first case for Eq. (8), in which the
total system is initially in equilibrium, which is called
the partition-free scheme in the literature [26, 27]:
ρtot(t0) =
1
Z
e−β(H
FA(t0)−µN). (9)
Obviously, this initial state contains initial system-
environment correlations. In other words, Qρtot(t0) 6= 0
in the NZ project method so that the second term in
Eq. (2), regarded as an inhomogeneous term in [2], does
not vanish. Meantime, by experimentally tuning on the
3time-dependent parameters in Eq. (8) through external
fields, the total system becomes nonequilibrium, and the
time evolution of the total density matrix is determined
by
ρtot(t) = U(t, t0)ρtot(t0)U
†(t, t0), (10)
where U(t, t0) = T exp
{
−i
∫ t
t0
dτHFA(τ)
}
is the evolution
operator of the total system. Because HFA(t) in Eq. (8)
has a bilinear form of the particle creation and anni-
hilation operators, the total density matrix ρtot(t) will
remain as a Gaussian function all the time. Taking the
trace over the environment states (e.g. by path-integral
method with the Gaussian integral), the reduced density
matrix ρS(t) = TrE [ρtot(t)] is still a Gaussian function of
the system variables only, with a prefactor which is only
a function of time. Then the time-derivative of the re-
duced density matrix must be proportional to the same
Gaussian function. Consequently, the resulting master
equation must be homogeneous.
Actually, using the Feynman-Vernon influence func-
tional approach [1], we have previously derived the ex-
act homogenous master equation of the reduced density
matrix ρS(t) from Eq. (10), for both boson and fermion
systems in the absence of initial system-environment cor-
relation [28–31], where the initial state of the system and
the environment is assumed to be decoupled [32]. In
this exact master equation formalism, the environment-
induced energy-level renormalization, the particle dissi-
pations, and thermal fluctuations, due to the influence
of the environment, are naturally incorporated into the
time-dependent dissipation and fluctuations coefficients
in the exact master equation. These damping and fluc-
tuation coefficient are determined exactly and nonper-
turbatively by the Schwinger-Keldysh nonequilibrium
Green’s functions in many-body systems [33, 34]. By
solving these nonequilibrium Green’s functions, we inves-
tigated nonperturbatively various environment-induced
non-Markovian dynamics through the time evolution of
open quantum systems, in the absence of initial system-
environment correlations [30].
Now, to derive the exact master equation incorporat-
ing the initial system-environment correlations, we uti-
lize the exact quantum Langevin equation from Eq. (8)
[18, 19, 36],
d
dt
ai(t)=−i
∑
j
εij(t)aj(t)−
∑
j
∫ t
t0
dτgij(t, τ)aj(τ)+fi(t),
(11)
where
gij(t, τ) =
∑
αk
Viαk(t)V
∗
jαk(τ)e
−i
∫
t
τ
ǫαk(τ1)dτ1 , (12a)
fi(t) = −i
∑
αk
Viαk(t)bαk(t0)e
−i
∫
t
t0
ǫαk(τ1)dτ1 , (12b)
which is obtained by eliminating exactly all the envi-
ronmental degrees of freedom through the Heisenberg
equation of motion, and it is valid for arbitrary initial
state of the system and the environment. Because of the
linearity, the general solution of Eq. (11) has the form
[18, 19, 36]
ai(t) =
∑
j
uij(t, t0)aj(t0) + Fi(t), (13)
where uij(t, t0) = 〈[ai(t), a
†
j(t0)]〉 is the propagating
Green function of the particles in the system, which car-
ries all the information of the dissipation dynamics of
the system induced by the tunneling coupligs between
the system and the environment, and Fi(t) is the fluctu-
ation function resulting from the noise force fi(t) of the
environment, see Eqs. (11) and (12b).
It is easy to show from Eqs. (11) and (13) that the
propagating Green function obeys the Dyson equation,
d
dt
u(t, t0)+iε(t)u(t, t0)+
∫ t
t0
dτg(t, τ)u(τ, t0)=0, (14)
subjected to the initial condition u(t0, t0) = 1, where the
time non-local integral kernel, g(t, τ) given by Eq. (12a),
describes the probability amplitude of a particle tunnel-
ing from the system into the environment at time τ ,
propagating in the environment within the time τ to
t, and then tunneling back into the system at time t.
Thus, the τ -integration from the very initial time t0 to
the present time t through this non-local time integral
kernel in Eq. (14) records all the historical evolution of
the particle dissipated from the system into the environ-
ment. This characterizes the microscopic picture of the
non-Markovian memory processes [30]. The fluctuation
function Fi(t), a contribution from the inhomogeneous
color-noise force fi(t) in the quantum Langevin equation
(11), is given explicitly by
Fi(t)=−i
∑
αkj
∫ t
t0
dτ
[
uij(t, τ)Vjαk(τ)e
−i
∫
τ
t0
ǫαk(τ1)dτ1
]
cαk(t0),
(15)
which describes particles tunneling from the environ-
ment into the system at time τ , and then propagating
to the level i during the time from τ to t. This provides
the underlying fluctuation dynamics induced by parti-
cles initially in the environment. The initial operator-
dependence in Eqs. (13) and (15), proportional to ai(t0)
and cαk(t0) respectively, fully incorporate all the initial
correlations of the total system.
Combining the dissipation and fluctuation dynamics
together through the above exact quantum Langevin
equation, we obtain the exact homogenous master equa-
tion for the reduced density matrix of the system incor-
porating various initial correlations:
dρS(t)
dt
= −i
[
H ′S(t), ρS(t)
]
+
∑
ij
{
γij(t)D(aj , a
†
i )
+γ˜ij(t)F(aj , a
†
i ) +γij(t)F(a
†
j , a
†
i ) +γ
†
ij(t)F(aj , ai)
}
,
(16)
The renormalized Hamiltonian H ′S =
∑
ij ε
′
ij(t)a
†
iaj ,
4and the dissipation and fluctuation superoperators:
D(aj , a
†
i )=2ajρS(t)a
†
i−a
†
iajρS(t)−ρS(t)a
†
iaj , (17a)
F(aj , a
†
i )=a
†
iρS(t)aj±ajρS(t)a
†
i∓a
†
iajρS(t)−ρS(t)aja
†
i .
(17b)
where the up and low signs of ± correspond to both the
system and reservoirs consisting of bosons or fermions.
The renormalized energy ε′ij(t), the dissipation and fluc-
tuation coefficients, γij(t), γ˜ij(t) and γij(t) are fully de-
termined by the following relations,
ε′ij(t) =
i
2
[
u˙(t, t0)u
−1(t, t0)−H.c.
]
ij
, (18a)
γij(t) =−
1
2
[
u˙(t, t0)u
−1(t, t0) + H.c.
]
ij
, (18b)
γ˜ij(t)=v˙ij(t, t)− [u˙(t, t0)u
−1(t, t0)v(t, t)+H.c.]ij ,
(18c)
γij(t)= ∓
1
2
ν˙ij(t, t)±
1
2
[u˙(t, t0)u
−1(t, t0)ν(t, t)+T]ij
(18d)
where u(t, t0) is the propagating Green function of
Eq. (14), and v(t, t) and ν(t, t) are the particle-particle
and particle-pair correlation Green functions in nonequi-
librium many-body systems,
v(τ, t)=
∫ τ
t0
dτ1
∫ t
t0
dτ2u(τ, τ1)g˜(τ1, τ2)u
†(t, τ2), (19a)
ν(τ, t)=
∫ τ
t0
dτ1
∫ t
t0
dτ2u(τ, τ1)g(τ1, τ2)u
T (t, τ2), (19b)
which are directly proportional to the initial correlations
through the non-local time integral kernels, and g˜(τ1, τ2)
and g(τ1, τ2),
g˜ij(τ1, τ2) = g˜
sb
ij (τ1, τ2) + g˜
bb
ij (τ1, τ2), (20a)
gij(τ1, τ2) = g
sb
ij (τ1, τ2) + g
bb
ij (τ1, τ2), (20b)
with
g˜sbij (τ1, τ2) =−2i
∑
αk
[
Viαk(τ1)e
−i
∫ τ1
t0
ǫαk(τ)dτδ(τ2−t0)
×〈a†j(t0)bαk(t0)〉−H.c(i↔j, τ1↔τ2)
]
, (21a)
g˜bbij (τ1, τ2) =
∑
αkα′k′
Viαk(τ1)e
−i
∫ τ1
t0
ǫαk(τ)dτV ∗jα′k′ (τ2)
×ei
∫ τ2
t0
ǫα′k′ (τ)dτ〈b†α′k′(t0)bαk(t0)〉, (21b)
gsbij (τ1, τ2) =−2i
∑
αk
[
Viαk(τ1)e
−i
∫ τ1
t0
ǫαk(τ)dτδ(τ2−t0)
×〈aj(t0)bαk(t0)〉±(i↔j, τ1↔τ2)
]
, (21c)
gbbij (τ1, τ2) =−
∑
αkα′k′
Viαk(τ1)e
−i
∫ τ1
t0
ǫαk(τ)dτVjα′k′ (τ2)
×e−i
∫ τ2
t0
ǫα′k′ (τ)dτ〈bα′k′(t0)bαk(t0)〉. (21d)
The integral kernels g˜sb(τ1, τ2) and g
sb(τ1, τ2) are pro-
portional to initial particle-particle and particle-pair
correlations between the system and the environment,
and g˜bb(τ1, τ2) and g
bb(τ1, τ2) are associated respectively
with initial particle-particle correlations and particle-
pair correlations in the environment. The particle-pair
correlations can exist when the system and the environ-
ment are initially in, for examples, a superconducting
state (for electron systems) [37] or a squeezed state (for
photon systems) [18]. In fact, because the Hamiltonian
(8) is bilinear, other higher-order correlations can be
uniquely determined in terms of these basic nonequi-
librium two-time Green functions, u(t, τ), v(τ, t) and
ν(τ, t).
3. Unification with the influence functional approach
and the nonequilibrium Green function technique. When
there are no initial particle-pair correlations, namely
〈ai(t0)bαk(t0)〉 = 0 and 〈bα′k′(t0)bαk(t0)〉 = 0, we will
have g(τ1, τ2) = 0. As a result, ν(t, t) = 0 and also
γ(t) = 0 so that the exact master equation (16) is re-
duced to the one incorporating initial particle-particle
correlations only that we derived very recently [19]. If
the initial system-environment correlations are also neg-
ligible, 〈a†j(t0)bαk(t0)〉 ≃ 0 and 〈b
†
αk(t0)ai(t0)〉 ≃ 0,
namely, the system is initially decoupled from the en-
vironment [32], and meanwhile the environment is ini-
tially in the thermal equilibrium, i.e. 〈b†α′k′(t0)bαk(t0)〉 =
f(εαk, T )δαα′δkk′ , then
g˜ij(τ, τ
′)=
∑
αk
Viαk(τ)V
∗
jαk(τ
′)e−i
∫
τ
τ′
ǫαk(τ1)dτ1f(εαk, T )
(22)
where f(εαk, T ) =
1
eβ(εαk−µα)∓1
is the initial Bose-
Einstein (Fermi-Dirac) distribution function at tempera-
ture T for bosonic (fermionic) environments. The result-
ing exact master equation goes to the master equation of
Eq. (2) in Ref. [30] for the case of the decoupled initial
system-environment states that can be derived directly
[28–31] using the Feynman-Vernon influence functional
approach [1]. However, in all the cases, the exact master
equation for open systems are always homogenous, no
matter if there are initial correlations or not.
As a self-consistent check, we show further that both
the inhomogenous quantum Langevin equation (11) and
the homogenous master equation (16) give the same
nonequilibrium lesser Green functions:
G<ij(τ, t) = i〈a
†
j(t)ai(τ)〉
=
[
u(τ, t0)G
<(t0, t0)u
†(t, t0) + iv(τ, t)
]
ij
,
(23a)
G
<
ij(τ, t) = i〈aj(t)ai(τ)〉
=
[
u(τ, t0)G
<
(t0, t0)u
T (t, t0) + iν(τ, t)
]
ij
,
(23b)
This shows that the inhomogeneity in physical observ-
ables induced by initial correlations can be fully taken
into account in the exact homogeneous master equation.
In fact, the Keldysh’s correlation Green function v(t, t)
and the generalized particle-pair correlation ν(t, t) in
Eq. (23), given explicitly by Eq. (19), provide indeed
the generalized nonequilibrium quantum fluctuation-
dissipation theorem in the time domain. In the weak
5system-environment coupling regime, the nonequilib-
rium quantum fluctuation-dissipation theorem will be
reduced to the equilibrium fluctuation-dissipation the-
orem in the steady-state limit [38] (a simple proof can
be found in the Supplemental Material of Ref. 30). Fur-
thermore, in the high temperature limit, the equilibrium
fluctuation-dissipation theorem is simply reduced to the
Einstein’s fluctuation-dissipation theorem [39] which can
also be derived from the classical Langevin equation [40].
This provides a consistent check of the theory.
In conclusion, we show that the Nakajima-Zwanzig
master equation in terms of the reduced density matrix
for open quantum systems incorporating initial corre-
lations is always a homogenous equation. We also de-
rived explicitly, through the exact quantum Langevin
equation, the exact homogenous master equation in-
corporating initial correlations. This master equation
can describe the noneqilibrium dynamics for a large
class of open quantum systems based on the Fano-
Anderson Hamiltonian which has widely been used in
atomic physics, condensed matter physics and various
nano-scale systems in the past decades. The resulting
exact homogenous master equation recovers the mas-
ter equation derived from Feynman-Vernon influence-
functional in the absence of the initial correlations as a
special limit. The dissipation and fluctuation dynamics,
embedded in the time-dependent coefficients of the exact
homogenous master equation, which take into account
all initial correlation effects, are fully determined by
the generalized Schwinger-Keldysh nonequlibrium Green
functions. Thus, for the very first time, by connecting
the Nakajima-Zwanzig method, the quantum Langevin
equation method, the Feynman-Vernon influence func-
tional approach and the Schwinger-Keldysh nonequlib-
rium Green function technique together, we develop the
most general exact homogenous master equation for a
large class of open quantum systems. We expect that
this underlying master equation incorporating initial cor-
relations would find more applications for the investiga-
tions of nonequilibrium dynamics not only in physics,
but also in chemical and biological systems through the
exploration of general dissipation and fluctuation dy-
namics.
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